ABSTRACT. We show that conservative partially hyperbolic diffeomorphism isotopic to the identity on Seifert 3-manifolds are ergodic.
INTRODUCTION
Since the foundational work of Grayson, Pugh, and Shub, a large focus of the study of partially hyperbolic dynamics has been to determine which of these systems are ergodic [19] . It is conjectured that "most" volume preserving partially hyperbolic diffeomorphisms are ergodic, and indeed, when the center is one-dimensional, it is known that the subset of ergodic diffeomorphism is C 1 -open and C ∞ -dense [33] . Moreover, for any dimension of center, the set of ergodic diffeomorphisms contains a C 1 -open and C 1 -dense subset of the space of all volume preserving partially hyperbolic diffeomorphisms [1] .
In the three-dimensional setting where each of the stable E s , unstable E u , and center E c bundles is one-dimensional, it is further conjectured that there is a unique obstruction to ergodicity: the presence of embedded tori tangent to the E u ⊕ E s direction [11] . We call such a torus a ustorus. This conjecture has been verified for nilmanifolds [31] and solvmanifolds [20] . Further, only certain manifolds support a us-torus [34] and for any system with a us-torus an exact description of the possible ergodic decompositions is known [20] . For derived-from-Anosov systems on the 3-torus, the question was partially answered in [22] and recently S. Gan and Y. Shi have announced that all of these systems are ergodic [17] .
To verify the conjecture, it is necessary to show in dimension three that any system without a us-torus is ergodic. Here, we consider this question in the setting of Seifert manifolds and prove the following. In this setting of Seifert manifolds, Barthelmé, Fenley, Frankel, and Potrie have announced that any partially hyperbolic diffeomorphism isotopic to the identity is leaf conjugate to a topological Anosov flow [2] . Using this result would simplify some parts of our proof. However, we present in this paper a proof of Theorem 1.1 which relies only on existing results already in the literature.
Further, Fenley and Potrie have adapted techniques in [2] to the study of accessibility classes and announced that for any closed 3-manifold with hyperbolic geometry, every volume preserving partially hyperbolic diffeomorphism is accessible and ergodic [15] .
For Theorem 1.1, we split the proof into two cases depending on whether or not the diffeomorphism has periodic points. Note that in our setting, there are diffeomorphisms without periodic points. For instance, one can consider an Anosov flow on a Seifert manifold and take the timet map where t is not the period of any periodic orbit. Most of the arguments in the setting of no periodic points are general and do not make use of the fact that we are on a Seifert manifold. Because of this, we are also able to establish a theorem which holds for general 3-manifolds.
Theorem 1.2. Let f be a C 2 conservative partially hyperbolic diffeomorphism on a 3-dimensional manifold M . If f has a compact periodic center leaf and no periodic points, then f is ergodic.
The assumption of a compact periodic center leaf is likely unnecessary. R. Saghin and J. Yang have announced the following result:
Let f ∈ Diff 2 m (M ) be partially hyperbolic, where M is a 3-manifold. If Per( f ) = ∅, then f has a compact periodic center manifold [36] .
However, as a proof of this result is not yet available, we state Theorem 1.2 as above.
Finally, we consider the family of hyperbolic orbifolds which consist of a sphere with exactly three cone points added. These orbifolds are small enough that their mapping class group is trivial, and using Theorem 1.1 we show that any partially hyperbolic diffeomorphism on the unit tangent bundle of such an orbifold is ergodic. Hence, this gives another family of manifolds where the above conjecture of ergodicity is established. In proving accessibility or ergodicity, we may freely lift f to a finite covering or replace it by an iterate. Therefore, we assume throughout the paper that all of the invariant bundles are oriented and that f preserves these orientations.
We assume from now on that f is partially hyperbolic on a three dimensional manifold. It is a well-known fact that the strong bundles, E s and E u , are uniquely integrable [7, 26] 
We say that a foliation is minimal if M is a minimal set for it; that is, every leaf is dense. An invariant foliation is f -minimal if the orbit of every leaf is dense in M .
For each x ∈ M , the accessibility class AC (x) of x is the set of points y ∈ M that can be joined to x by a path that is piecewise tangent to
Then Γ( f ) is a closed invariant set laminated by accessibility classes. The lamination Γ( f ) is C 1 [20, 33] . If f has a single accessibility class AC (x) = M , then we say that f is accessible. 
NO PERIODIC POINTS
In this section, we prove Theorem 1.2. Assume throughout the section that f ∈ Diff 2 m (M ) is partially hyperbolic and has no periodic points. By assumption, f has a compact periodic center manifold γ. By replacing f by a iterate, we may assume f (γ) = γ. Note by Theorem 2.5 that f is dynamically coherent. In this setting, accessibility implies ergodicity [10, 33] , so we further assume that f is not accessible. For a point x ∈ M , the center (Lyapunov) exponent is given by the limit
By Oseledets' Theorem, this limit exists µ-almost everywhere for any invariant measure µ.
Lemma 3.2. For any invariant measure µ, the center exponent is zero µ-almost everywhere.
Proof. Suppose an invariant measure has a non-zero center exponent on a set of positive measure. Then, one of the measures in its ergodic decomposition would have the same property. Hence, we may assume there is an ergodic measure with a non-zero center exponent. This measure is then hyperbolic and implies that there are periodic points [27] . This gives a contradiction.
Lemma 3.3. The functions φ
Proof. Write φ = φ 1 and note that since the center is one-dimensional,
. Assume φ n does not converge uniformly to zero.
Then there are integers n k tending to +∞ and points
. By restricting to a subsequence, we may assume these measures converge in the weak sense to a limit measure µ which one may show is f -invariant.
Proof of Theorem 1.2. Let Λ be a measurable us-saturated subset of M . As shown in [10, 33] , to establish ergodicity of f , it is enough to show that Λ has either full or null Lebesgue measure. The intersection Λ ∩ γ is f -invariant. By the previous lemma, f n is 2-normally hyperbolic for large n and this implies that γ is C 2 [26] . Since the rotation number of f | γ is irrational and C 2 we may apply [25, Théorème 1.4] and get that Λ ∩ γ has full or null Lebesgue measure in γ. Since Γ( f ) is f -minimal and absolutely continuous, Λ has full or null measure. This implies the ergodicity of f .
Γ( f ) IS HORIZONTAL
From now on M will be a 3-dimensional Seifert manifold with negative Euler characteristic orbifold. Remark 4.2. The argument in the proof above shows that, in fact, no codimension one foliation can be such that all its leaves are vertical.
Lemma 4.3. A cylinder does not support Anosov dynamics with dense periodic points.
Proof. We adapt an argument given in [16] . The unstable manifold of each periodic point is dense. Indeed, it is enough to see that W u (p) is open, hence it is the whole cylinder. Take x ∈ W u (p), and take a small neighborhood U of x. Take a periodic point q in U . By local product structure, the stable manifold of q intersects the unstable manifold of x. Since x is in the closure of W u (p), the stable manifold of q intersects W u (p). Hence, q ∈ W u (p). Therefore since periodic points are dense in
The same proof shows that each half-line W u ± (p) is dense in the cylinder.
Since W u + (p) is dense, it intersect the local stable manifold of p in another point. There are two possibilities. Either the unstable-stable loop encloses a disc, which would produce a contradiction by Poincaré-Bendixon, or else it cuts the cylinder into two connected components. By orientability, the rest of the demi-line has to remain in only one connected component, which contradicts its density.
INVARIANCE OF THE LEAVES OF HORIZONTAL FOLIATIONS
Suppose h : M → M is a homeomorphism andM is covering space for M . In general, there may be multiple possible lifts of h to a homeomorphism onM . We callĥ :M →M a good lift if it commutes with all of the deck transformations of the covering. Note that if h is isotopic to the identity, then it has at least one good lift, since we may lift the isotopy to the covering space. We use this property to prove the following. Since the lamination is horizontal, the connected components of M \Λ are I -bundles where the fibers come from the circle fibering on M . Because of this, we may extend Λ to a horizontal foliation F defined on all of M . We may further assume that F is invariant by h.
There is a correspondence between horizontal foliations on circle bundles and the action of surface groups on S 1 . See, for instance, [28, §2] . Because of this, we will reformulate and prove the result purely in the language of group actions.
A surface group is the fundamental group of a closed surface of genus g ≥ 2. This group has generators α i , β i for i = 1, . . . , n with the relation
When a surface group acts on S 1 , we may lift the generators α i , β i :
This integer e is independent of the choice of lifts and is the Euler number of the action. The action of a group G on a topological space X is minimal if any non-empty G-invariant subset is dense in X .
To prove Theorem 5.1, it is enough to prove the following equivalent formulation. Proof. We first suppose h has irrational rotation number and derive a contradiction. In this case, h is uniquely ergodic. As h commutes with the elements of G, the unique invariant measure µ is also invariant for every element of G. Letμ be the lift of µ to R. In particular,μ([m, n)) = n −m for any integers m < n. This measureμ is invariant under the lifted maps α i andβ i described above, and so there are real numbers a i , b i such that
for all i and all points x ∈ R. Since i (a i + b i − a i − b i ) = 0, one may use this to show that the Euler number is zero. This gives a contradiction, and so we reduce to the case where h has rational rotation number. Proof. To prove this, we first consider an intermediate covering spaceM that is homeomorphic to D × S 1 where D is the Poincaré disc. The circle fibering and the foliation F lift toM . LetF be the lifted foliation andΛ be the lift of Λ. As h is isotopic to the identity, the isotopy gives us a good liftĥ :M →M and from Proposition 5.2 we can see thatĥ fixes every leaf ofΛ. Now consider the universal coveringM →M . This is a infinite cyclic covering and the map τ :M →M generating this group of deck transformations lies in the center of the larger group of deck transformations corresponding to the coveringM → M . We may liftĥ to a good lifth defined onM . Then, there is an integer n such that τ n •h fixes every leaf of Λ. Since τ is in the center of the group, this composition is a good lift.
Remark 5.4. In our current setting, the results of [21] imply that the circle bundle is non-trivial. In particular, if f is partially hyperbolic and isotopic to the identity, then Theorem 5.1 applies to any horizontal finvariant lamination.
NO PERIODIC POINTS REVISITED
In this section, we prove Theorem 1.1 in the case that f has no periodic points. This proof does not rely on the announced result of R. Saghin and J. Yang mentioned in the introduction and proves the stronger property of accessibility instead of ergodicity.
The idea of the proof is as follows. We assume that f is not accessible and derive a contradiction. First, we adapt techniques developed by J. Zhang in the setting of neutral center [37] to show that our diffeomorphism satisfies the hypotheses of the following theorem of C. Bonatti and A. Wilkinson. In fact, the flow is a topological Anosov flow, that is, an expansive flow without the singular orbits present in pseudo-Anosov flows.
Theorem 6.1 (Theorem 2 of [5]). Let f be a partially hyperbolic dynamically coherent transitive diffeomorphism on a compact 3-manifold M and let
Consider a foliation F and its lift to the universal cover. The foliation is uniform if any two leaves of the lifted foliation are at finite Hausdorff distance. The foliation is R-covered if the space of leaves of the lifted foliation is homeomorphic to R. A flow φ is regulating for F if φ is transverse to F and any lifted leaf intersects any lifted orbit of the flow.
In our setting, the fact that there are no periodic points implies that there is a us-foliation and we show that the flow in the center direction regulates this foliation. The following result of S. Fenley then shows that M cannot be a circle bundle over a higher-genus surface and provides the needed contradiction.
Theorem 6.2 ([13, 14]). Let φ be a topological Anosov flow on a 3-manifold M which is regulating for a uniform R-covered foliation in M . Then, M has virtually solvable fundamental group.
The statement of this theorem does not appear in S. Fenley's papers but can be deduced from his arguments. For the sake of completeness, we will include a brief sketch of how the theorem is deduced from his work. The below sketch is based on the work in sections 4 and 5 of [14] , but note that we are working with a topological Anosov flow instead of a pseudo-Anosov flow and that we know the foliation is uniform.
Sketch of the proof of Theorem 6.2.
Letφ be the lift of the topological Anosov flow φ to the universal cover and letF be the lift of the regulated foliation. There are no spherical leaves and since [14, Theorem 2.1] implies the desired result if there is a parabolic leaf, we may assume that every leaf of the foliation is hyperbolic.
Under these hypotheses, Fenley [14] shows that the space of orbits, O , can be identified with the Poincaré disk and each of the weak stable and unstable foliations of the lifted flow defines a one-dimensional foliation on O . Call theseΛ s andΛ u . The leaves of these foliations satisfy the following properties: The equivariance ofφ implies that the fundamental group of M acts on O . The action of the elements of π 1 (M ) extends to homeomorphisms of O ∪∂O . Consider g ∈ π 1 (M ) with a fixed point p = g (p) ∈ O corresponding to a closed orbit of φ. As shown by [14, Proposition 5.3] , up to replacing g by an iterate, we may assume g has at least four fixed points on the circle ∂O at infinity. Moreover, these fixed points correspond exactly to the prongs of the stable and unstable manifolds of p. Since we are in the topologically Anosov setting (instead of the pseudo-Anosov setting), there are exactly four fixed points on ∂O given by a u Items (2) and (3) (2) above, this means that every element of π 1 (M ) fixes the stable leaf through p. A similar analysis shows that every element fixes the unstable leaf through p. For two transverse foliations on a disk, such an intersection must be unique, so p is fixed by every element of the fundamental group. This is not possible for a topological Anosov flow and gives a contradiction.
We now begin the detailed proof of Theorem 1.1 in the case that f has no periodic points. Assume for the remainder of the section that M is a circle bundle and f : M → M is a volume preserving, partially hyperbolic diffeomorphism homotopic to the identity which is not accessible and has no periodic points.
Note that f is transitive by Lemma 3.1 and dynamically coherent by Theorem 2. 
The set of such points is called the accessible boundary of W s (L c ). Bonatti and Wilkinson [5] showed that the accessible boundary is s-saturated.
Our first step is to prove the completeness of the center-stable and center-unstable foliations.
Lemma 6.3. The foliations F
cs and F cu are complete.
f n 3 (y) FIGURE 1. Center segments in the proof of Lemma 6.3.
Proof. The uniform transversality of the foliations implies the existence of δ > 0 such that the δ-neighborhood of
. Then, there is an accessible boundary point y with respect to W s (F c (x)). By definition, there is a center curve γ :
) and γ(1) = y. On the one hand, we can assume that γ is as short as desired. On the other hand, taking any m > 0 large enough we get that the length of f m (γ) is greater than δ/2. This is a consequence of the fact that f m (y) is also an accessible boundary point with respect to
). In fact, the same is true if we start with any iterate f k (y), we mean there is a short center curve contained in W s (F c ( f k (x))) and ending at f k (y) that from a sufficiently long iterate its length is greater than δ/2.
Take a recurrent point z ∈ ω(y) and let U be a small foliated neighborhood of z for the us-foliation. Observe that all iterates of z belonging to U are in different plaques of the foliation, otherwise Anosov closing lemma would imply the existence of a periodic point. The space of plaques in U is homeomorphic to an interval, then we can order it and this induces an order on the iterates of z. Take three different iterates of z, w 1 < w 3 < w 2 such that dist c (w 3 , w i ) < δ/16, i = 1, 2, where dist c is the infimum of the length of center curves joining the corresponding plaques. Take now 0 < n 1 < n 2 << n 3 such that dist c ( f n i (y), w i ) < δ/16. Taking n 3 large enough and since f n i (y), i = 1, 2 are accessible boundary points we have center arcs of length smaller that δ/16 with end point f n i (y), i = 1, 2 such that after iterating n 3 − n i , i = 1, 2 we get the curve lengths grow larger than δ/2. Now, projecting locally via the us-foliation we obtain a map of the interval and as a consequence there is a point e in a us-leaf such that the (n 3 − n i )-iterate is in the same us-leaf for i = 1 or 2. The Anosov closing lemma implies the existence of a periodic point and we arrive to a contradiction.
The center stable F cs and center unstable F cu foliations are Reebless [6] . In particular, we have that all leaves of their lifts,F cs andF cu , to the universal coverM are planes. The argument of the previous lemma applies to the universal cover and we obtain the following: Lemma 6.4 (Claim 3.2, [37] We also need the following result from [35] .
Theorem 6.5 ([35]).F cs has no compact leaves.
We include the proof of the following lemma for the sake of completeness.
Lemma 6.6 (Lemma 3.3, [37]). A center stable leaf containing a compact center leaf γ is either a cylinder or a Möbius band.
Since we are assuming that E c ⊕E s is orientable, in fact, all these leaves are cylinders.
Proof. If each stable leaf intersects γ only once it is not difficult to show, using Lemma 6.3 , that the center stable leaf containing γ is either a cylinder or a Möbius band.
If there is a stable leaf intersecting γ twice we take a lift of the center stable leaf to the universal cover. We have at least two lifts of γ in it. Completeness, Lemma 6.4, gives that the image of the band limited by these two lifts is the whole center stable manifold and it is compact. We arrived to a contradiction.
In order to move forward we need the following general property of center stable foliations.
Proposition 6.7. Let f be a dynamically coherent partially hyperbolic diffeomorphism such that
Proof. According to Theorem 6.5, F cs has no compact leaves. Thus, it has a finite number of minimal sets [24, Theorem V.4.1.3] . The union of its minimal sets Λ is a compact invariant set and partial hyperbolicity implies that it is a repeller. Since Ω( f ) = M the only possibility is that Λ = M , and then F cs is minimal. Proof. The set of vertical leaves is closed, if it is not empty, then minimality implies that all leaves are vertical. This contradicts Remark 4.2. Horizontality is also proven in [21] . Now we can apply the results in Section 5 to get that all leaves are periodic.
We shall assume from now on that all leaves are fixed.
Lemma 6.9. Every center-stable leaf is either a plane or a cylinder.
Proof. By Lemma 6.6 we need only consider a leaf W which does not contain a center circle. As in [37] , we use an argument from [5] . LetW be a lift of W to the universal cover and G be the group of deck transformations leaving invariantW . G acts in both, the spaces of center and stable leaves of W . Both actions are without fixed points because there are neither compact center leaves nor compact stables leaves. Since both spaces are homeomorphic to lines, we have that both actions are orientation preserving and abelian [18, Theorem 6.10] . Since G is a subgroup of the product of these two actions we obtain that G is abelian. Thus W is a non-compact orientable surface with abelian fundamental group. This implies that W is either a plane or a cylinder. At this point we can apply Theorem 1.2 to get the ergodicity of f . However, we continue in order to prove accessibility. We have now established all of the hypothesis of Theorem 6.1. Let Φ be the resulting topologically expansive flow along the center direction. Since the stable and unstable foliations of Φ coincide with the centerstable and center-unstable foliations of f we have that Φ is a topological Anosov flow. We can also derive this from Brunella [9] who proved this is always the case for any expansive flow on a Seifert manifold. Lemma 6.13. Φ is regulating for F us .
Proof. For this proof, we work entirely on the universal cover. For a point x ∈M , define
(1) J x as compact center segment between x andf (x), (2) U x as the union of all us-leaves which intersect J x , and (3) V x as the union of all us-leaves which intersect the center leaf containing x.
Asf has no fixed points,F c (x) = ∪ n∈Zf n (J x ) and so V x = ∪ n∈Zf n (U x ). If x and y are sufficiently close points on the same us-leaf, then J x and J y are nearby center segments with endpoints lying on the same two usleaves. It follows that U x = U y and therefore V x = V y . Clearly, if points y and z are on the same center leaf, then V y = V z . Since any two points on the universal cover may be connected by a concatenation of stable, unstable, and center curves, V x is independent of the point x and so V x = M for all x. This proves that the flow in the center direction is regulating.
Since the us-foliation is a horizontal foliation on a circle bundle, one can verify that it is uniform and R-covered. Theorem 6.2 then gives a contradiction.
PROOF OF THE MAIN THEOREM
The previous section proved Theorem 1.1 in the case of no periodic points. We now handle the case of periodic points. To do this, we will use of the following result of Mendes. Proof of Theorem 1.1. By the work of the previous section, we may assume that f has periodic points. Assume f is not accessible. Then, there is a us-lamination Γ( f ). Let Λ be a minimal subset of Γ( f ). Since Γ( f ) may be completed to a foliation without compact leaves, it has at most finitely many minimal sets [24, Theorem V.4.1.3] . Hence, up to replacing f by an iterate, we may assume Λ is f -invariant. By Proposition 4.1 and Theorem 5.1, we may again replace f by an iterate and assume that every leaf of Λ is fixed by f . If Λ = M , then it contains periodic points by assumption. Otherwise, Proposition 2.3 implies that Λ contains periodic points. In either case, let p be a periodic point in Λ. Again taking an iterate, assume p is fixed.
By Proposition 5.3, there is a good liftf of f to the universal cover such that every leaf of the lifted lamination is invariant byf . Letp be a lift of p and assume it lies on a leafL of the lifted lamination. Then there is a deck transformation τ such that τf (p) =p. Asf fixesL, τ also fixesL. Since τ commutes with τf , τ(p) is also a fixed point for τf . Then Theorem 7.1 implies that τ(p) =p and so τ is the identity map.
We have reduced to the case wheref (p) =p. As Λ is minimal, the leaf L through p self-accumulates and there is a liftp different fromp lying very close toL. Observe thatp is also fixed byf . According to [4] there is anf -invariant center curve α throughp . We may assumep was chosen close enough that α intersectsL. The lamination Γ( f ) may be completed to a Reebless foliation on M and we may assume that α is transverse to the lift of this foliation. Novikov's Theorem then implies that α intersects L at most once. Since both α andL aref -invariant, their intersection is a fixed point. This fixed pointL is distinct fromp and Theorem 7.1 gives a contradiction.
SMALL SEIFERT MANIFOLDS
In this final section, we prove Theorem 1.3. Let f be as in the statement of the theorem. As explained in [21] , f induces a base map σ : Σ → Σ which is defined up to isotopy, the orbifold is Σ is finitely covered by a hyperbolic surface and the map f may be lifted to a map f 1 defined on the unit tangent bundle of this surface. As the mapping class group of the orbifold is finite [12, Proposition 2.3] , there is an iterate f k such that the base map σ k of f k is isotopic to the identity. Replacing f by an iterate, we assume k = 1. Then f 1 also has a base map isotopic to the identity and [3, Proposition 3.5] implies that f 1 itself is isotopic to the identity. (Note: the proof in [3] implicitly uses a theorem of Matsumoto to show that a closed geodesic may be isotoped to lie in a leaf of the branching center-stable foliation.) Accessibility then follows from Theorem 1. 
